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Guide to Understanding Maths
[bookmark: _Hlk155099620]A student’s experience of maths in the Early Years is a good predictor of success in maths throughout their school life, therefore it is important that we support children in embedding key component maths skills as early as possible.  

[bookmark: _Hlk155099747]Domain skills and knowledge
Mathematical performance is made up of three broad skills areas as given below.   These areas are explained in detail on the following pages.    

· Concept.   This is ‘Number sense’ which is the basic understanding of the concept of number; it includes: counting skills, numerical language, and relationships between numbers (including understanding patterns and sequences).  This underpins the development of problem-solving skills and the use of mathematical operations and procedures.     

· Procedure. This is the ability to use learnt mathematical knowledge:
· Retrieval and use of arithmetic facts from long term memory. 
· Understanding and execution of learnt procedures for solving arithmetical problems.  

· Language.  Learning and using mathematical vocabulary and language.  This includes learning and understanding the language for signs, symbols and shapes.  

Cognitive Processes
The skills areas above rely on, and link to, key cognitive skills and processes, i.e.:

· Executive functions.  All three components of the executive functions are fundamental to effective maths performance, i.e. working memory, inhibitory control, and cognitive flexibility. 
In addition to:
· Processing skills including visual spatial processing skills, and especially in relation to Space, shape, and measure

Other important cognitive processes for maths competence, include: 
Memory skills (i.e. short-term and long-term memory); reasoning skills (such as sequential and logical thinking); and Problem-solving skills.

Motivation
Being motivated to learn is key for being engaged in the learning area. Motivation arises from successful experiences of the learning areas which leads to consequent self-efficacy for maths, see below for further explanation.  

Component skills in Maths – Explained

Domain skills and knowledge

i) Number Sense 
Having ‘number sense’ is to understand what numbers represent and being able to use this understanding to solve problems, as well as an awareness of numbers and their use in the world around us.  Children develop number sense from very early age through counting objects and knowing the items in the group remain the same. Repeatedly engaging in activities, they develop a feel for quantities, numbers, words, and association with numerical symbols.  Components of number sense involve a secure understanding of:
1. Number Magnitude
· Subitising: being able to automatically recognise the number objects in a small group, without counting them.  This is considered to be a prerequisite skill for numeracy.
· Estimation: The ability to see the size of an answer without having to work it out exactly; to estimate the approximate size of an answer before undertaking a calculation.  
· Understanding comparisons between different magnitudes, e.g. 12 is greater than 10, and 4 is half of 8.

2. Number Meaning / Counting
Oral counting is the association of a number name with a quantity. This is the first experience of adding, adding one more object at a time.  Solid counting skills relate to having strong ‘number sense’.  The key aspects of learning to count are: 
· Recitation:  learning the numbers names and reciting them in sequence, students begin to sense patterns within the number system.  
· One to one correspondence:  learning to synchronise each number name with one object counted. Students are learning the most basic use of number to identify ‘how many’.  If the learner cannot coordinate and link the movement to the name this adversely affects the development of number sense. 
· Cardinality:  understanding that the last number in a set represents the quantity in the group e.g. 1,2,3,4 means that there are four in the set. 
· Ordinality:  understanding the last number in a count represents the place in a sequence e.g. in the sequence 1,2,3,4 the number 3 represents the third position in the sequence. 
· Place Value:  developing an understanding that the position of a digit in a number affects its value.  

See page 3 of document below for the stages in counting


3. Number Referents (how numbers are ‘referred’ to)
· Understanding of number symbols e.g. that ‘6’ is the same as ‘six’;  
Children who struggle with this concept may have difficulty in learning number relationships and concepts, such as subtraction and addition.  

4. Understanding of the language of concepts such as ‘more’ or ‘less’, and ‘larger’ or ‘smaller’.  Children develop this understanding in their early years from real-life situations such as through sharing sweets and comparing their heights; it is key to develop understanding of addition and subtraction. 

5. Number Relationships
· Awareness of number patterns and sequences e.g. counting in 2s, or 5s.  Ability to understand pattern lay the foundation for understanding mathematical rules, and skills in generalizing patterns contributes to children’s later understanding of algebraic equations. For example, adding one more object to a group [N] will always result in N + 1 regardless of whether it is a group of bears, dinosaurs, stairs, or pennies.  Students should be encouraged to notice and explain the regularity of patterns and to predict what will happen next. 
· Number Composition:  understanding that one number can be made up from (composed from) two or more smaller numbers. 
· Skill develops towards understanding number bonds.
· This stage also includes more complex aspects of counting as given below: 

Counting forward. Students should be able to count on from any given number. Some students may find the saying and recognising of the ‘teen’ numbers difficult and so omit them. Crossing the tens boundary, for instance, counting from 28, 29, then 30, students may struggle with this and revert back to 20 instead of 30, 31. 
Counting Backward can be difficult for students with a poor sense of number order. This maybe too difficult and indicate a weak working memory. Counting back is about subtracting one at a time. However, students may count forwards in order to count back e.g. may say 8, 9, 10 before saying 10, 9, 8. 
Counting on in single digits: overuse.  If a student continues to count in ‘ones’ (e.g. from a number between 1 and 5, then up to 9 in increments of one) then number sense has not developed and this will impact, for example, addition skills, estimation, multiplication and algebra. Students’ progress into arithmetic depends upon their ability to go beyond counting to seeing numbers as ‘wholes’ e.g. 4 needs to be understood as whole number and not part of a chain of counting 1,2,3,4. 
Difficulties with number sense may arise from a student’s lack of connection between counting as an activity and the realisation this procedure represents a quantity.  Students will learn to count before they learn what counting does (Bryan & Nunes (2009); Breaking Barriers p31 2015) 


Table 1 - Milestones in the early development of arithmetic
The stages in the table are those commonly found across a range of research studies that investigate the development of arithmetic competence.  These stages may differ slightly from the national curriculum expectations/targets.  
	Age

	Skill developed

	From birth 

	Discrimination of a small number of objects in sets 

	From 2yrs 
	Beginning to learn the sequence of counting orally and an ability to undertake ‘one to one correspondence in sharing tasks’

	From 3 years and 6 months 
	The ability to add and subtract one with objects and number words and the ability to use the Cardinal principle to establish the numerosity of a set 

	From 5 years 
	The ability to add small numbers without being able to count out the sum.

	From 5 years 6 months 
	The understanding of the commutativity of addition, the ability to count on from a larger number when adding and the ability to count correctly to 40.

	From 6 years and 6 months
	The understanding of the complimentary of addition and subtraction and the ability to count correctly to 80.

	From 7 years
	The retrieval of some arithmetic facts from memory.



Summarised by Butterworth (2005) 


ii) Procedures

· Use of number operations
Competence with simple numerical operations, i.e. +, -, x, ÷

· Understanding of mathematical procedures…..moving on beyond basic ones (long division, calculus etc.) Students are required to develop and demonstrate mathematical fluency in that they need to know key mathematical facts and methods and recall these efficiently to be able to apply these in a range of contexts. 

iii) Language 

· Ability to read and write numbers.  This is important for understanding what has been read in a mathematical context.   Difficulties with this skill are associated with being able to understand words in mathematical context and comprehend word problems.

· Sign and symbol recognition.  For example, being able to name numbers and symbols; knowing the names of shapes etc. 

· Understanding of what certain language means in the context of maths, e.g.  The language of addition has two aspects: quantities being added together and ‘instances of something more being added’.  Students need to be secure with all the terms used in addition, for example:  ‘more than’, ‘one more’, ‘plus’, ‘add’, ‘altogether’, ‘together’. 

Spatial language includes words describing location/position (under, in front of), attributes (long, high, side, angle, same, symmetrical), orientation and mental transformation (left, turn, match), and geometric shape names (rectangular prism, triangle, sphere).

Difficulties with this skill are associated with difficulties with understanding ‘word’ problems.   Difficulties linking the numerical name to numerical number symbol. Unable to apply facts to work out another problem e.g. 6x6= 36 student would not be able to use knowledge of 5x6+6 = 30 + 6 = 36 


Cognitive processes 

Executive Functions
Inhibitory control is important for focus and attention on the relevant mathematical rule or procedure to complete the task.  Cognitive flexibility is necessary for a student to adapt to using a new rule as the mathematical tasks become more complex.   Students at a young age, i.e. four- and five-year-olds, struggle with this cognitive flexibility and tend to use old strategies to solve problems, even when new more sophisticated strategies have been learnt.   Teachers can support the student’s development of their cognitive flexibility through using clear step by step instructions on how to solve the task.  

Working memory is the ability to hold in mind and mentally manipulate information over short periods of time. Working memory is often thought of as a mental workspace that we can use to store important information in the course of our mental activities.  Is essential for completing calculations in the head, such as mental maths, remember steps in a mathematical process, following instructions.   Difficulties with, or poor working memory can have the following impact on mathematical skills: 

· Solving mental maths calculations.
· Reading comprehension, such as may be relevant to mathematical word problems. 
· Listening and writing simultaneously e.g. listening to a teacher whist making notes.
· Comparing and contrasting ideas whilst holding information about each idea /concept whilst comparing both.
· Maybe unable to follow verbal instructions.
· Difficulty visualising and manipulating patterns within numbers and sequences


Processing skills
Space, shape and measure.  
Visuospatial skill is the ability of an individual to create a mental representation of a perceived object, to analyse, and to mentally manipulate the object. Learning about visuospatial knowledge is about developing visualising skills and understanding relationships between shapes and space (such as the effects of movement and combining shapes together) rather than just knowing the vocabulary related to the representations.  
It also includes the ability to carry out mental transformations of spatial figures of which executive function skills are fundamental for in order to moderate the interference of the visual stimuli and one’s internals image of the figure.  Spatial skills are important for understanding other areas of maths and children need structured experiences to ensure they develop these. 
Mathematically, measuring refers to the concept of using numbers of units in order to compare attributes, such as length or capacity.  Part of developing knowledge of measure is understanding which attribute is being measured, e.g. weight as opposed to size. Also key is the concept of conservation: that the amount stays the same, even if the appearance alters, e.g. if dough is stretched out or in bits. Lastly, children need to develop an understanding of how equal size units are used repeatedly to express an amount as a number.   Understanding the concept of measure is important for providing links between strands of mathematics, for example, by enabling a meaningful context of and connection between the use of number skills and of spatial concepts, as well as providing the foundation for mathematical and scientific thinking.




Visual perception
The area of processing skill relies on the ability to specifically process and understand visuospatial representations of mathematical information.   
	Description
	Difficulties associated with

	
Visual perception.   
Perceiving, interpreting and organising visual information. Linked with visual discrimination and visual memory.  Important for: Interpreting diagrams, reading digits and numbers.

	Visual discrimination difficulties: student may not be able to differentiate between shapes, colours, size, and orientation.

Visual memory difficulties: student may not be able to retain and recall a visual image e.g. difficulty with acquiring symbolic number.

	
Ability to visualise.   
The ability to mentally manipulate 2- and 3-dimensional figures. Important for:
· Drawing pictures or diagrams as an aid to getting started on problems.
· Problem solving including supporting the development of ideas and facilitating communication of results and understanding.
· See how geometrical shapes, objects, numbers, digits are written and how they relate to each other.
· Visualise and create images in their mind to help solve questions
	
· Difficulties with relating two dimensional drawings to three dimensional objects.

· Start to answer questions and /or problem solve questions.

· Difficulties with explaining their understanding of tasks or methods used to answer the problem

· Identify patterns and make links

	
Spatial awareness.  
The ability to see and understand the relationship between shapes, spaces and areas. 

Important for: looking at concepts such as shapes, area, patterns and sequences; understanding directions, such as left and right; understanding positional language; identifying patterns and rotating shapes, e.g. for jigsaws. 

	


Difficulties will be associated with skills listed to the left that spatial awareness enables. 

	
Processing speed 
Is the speed and efficiency with which information is taken in, manipulated and acted on. 

Important for students to have the automaticity to answer questions and understand information with ease.  

Involves short term visual and auditory memory, attention, and visual motor coordination.

	· May not start tasks straight away.
· Slower to complete tasks, organise themselves and gather resources, consequently less work completed results in less practice and reinforcement of skills and knowledge
· Slow processing can impact working memory, inhibitory control, organisation, and flexible thinking.
· Slow to process multi step problems 
· Slow to sequence the order of tasks to be completed within a problem 
· Slow to perform the immediate mental tasks and to communicate the information




Memory
	Description
	Difficulties associated with

	
Short-term memory (STM)
Important for recall of new information, and for students to hold numbers and new concepts in their head during lessons. 
	
· Students may forget the question before they have had time to answer it.
· Learning does not transfer to long term memory. Consequently students may need support to revisit the same procedure repeatedly in order to answer and solve questions.
· Students may also have a short attention span and so struggle with tasks which require sustained concentration.
· Difficulty activating prior knowledge and applying it to the task in hand.
· Difficulty with retaining and recalling verbal / auditory instructions and what they have just read.

Single step questions maybe more suitable for students with weak short term memory recall.

	
Long-term memory (LTM)
Knowledge of mathematical facts and procedures that are rehearsed and frequently used (in the STM) are stored in the long-term memory and can be accessed after not being used for a long time.  

LTM retrieval is important to use previously learnt concepts with fluency, for example, what the ‘x’ sign means, or how to complete long division.

	
Difficulties with apparent LTM retrieval should initially be considered a contextual issue that sufficient time and practice may not have been provided to the child to rehearse and practice concepts in the STM to enable the information to embed into the LTM.  Therefore, difficulties may be found with: 

· Information not being available in the LTM due to it not being used regularly.   
· Problems with remembering facts and procedures by heart. 
· Difficulties in long term memory may also result in difficulties with ‘paired associates’ e.g. language sounds and language symbols, vocabulary words and the definitions. 


Reasoning skills.  Additional key ‘thinking’ skill is the ability to follow a systematic/ procedural approach in order to be able to solve questions, along with skill in thinking about information in the ‘correct’ order and being able to see patterns in numbers and symbols.
	Description
	Difficulties associated with

	Sequential thinking
Following a systematic/ procedural way to solve questions
	· Acquire mastery of procedures and apply to problem solving, 
· Record their work in a systematic way.


	Logical thinking
Involves thinking in the correct order
	
· Difficulties with thinking through a problem in the correct step by step logical order

	Pattern recognition
Count, seeing patterns in numbers and symbols.

	
· Difficulties with visualisation and reasoning
· Recognise relationships and patterns



Problem-solving skills.     Developing, understanding and applying maths knowledge is more than memorising procedures and facts. Maths problem solving needs to be explored in ‘real life’ problems to allow students to understand and investigate the world. By applying their skills to make comparisons, identify differences, make connections in concrete situations students develop their logical reasoning to become more abstract and flexible thinkers. The earliest perceptual and cognitive learning develops from trial and error to enable students to anticipate, predict and provide alternative solutions to problem solving.     Key skills involved include breaking a problem down into smaller parts; interpreting solutions in the context of the problem; making mental estimates to check the ‘reasonableness’ of the answer (Taken from www.nationanumeracy.org.uk)

Motivation 
Being motivated towards engaging in any learning area is a key factor to learning and making progress in that particular area; this is especially true for maths.  Lack of self-belief of one’s ability to complete a maths problem can be a barrier to being motivated to engage in the maths task; some students may expect to fail even when presented with tasks well within their capability.  For these students, their lack of self-belief blocks their progress. That is, their maths self-efficacy (their own judgements about their ability to successfully complete maths activities), is probably low.  Self-efficacy can be viewed as a key competency of managing self, which is ‘associated with self-motivation, and a ‘can-do’ attitude, and with students seeing themselves as capable learners’ (Ministry of Education, 2007, p. 12). 

Self-efficacy beliefs arise from sources of information as follows (Bandura, 1997):

· ‘The student’s past performances—if they know they’ve successfully solved similar problems in the past, they’re likely to believe they can do this again. 
· Observations of their peers—seeing students who they perceive to be similar to themselves succeed or fail will influence their own maths self-efficacy. 
· Social persuasion—includes encouragement and feedback from teachers, peers, and parents especially when the student subsequently experiences success.
· Physiological and emotional cues—signs of anxiety, such as a rapid heartbeat or sweaty palms can undermine a student’s belief that they can succeed at a task’
(Taken from Bonne & Lawes, 2016, P.61)

Ways in which teachers can help students to strengthen their maths self-efficacy, include the following:   

1. ‘Students seeing someone like them showing the rest of the class their maths work or explaining how they solved a problem.
2. Students having strategies for coping when learning is difficult, and when they make mistakes or fail.
3. Students knowing what their learning goals are and understand what they need to do to achieve their goals.
4. Teachers giving students feedback about the progress they are making towards their learning goals and letting them know what they need to do next to help them achieve their goals.
5. Teachers encouraging students to reflect on the role of effort in their learning, and—when appropriate—prompting students to attribute failure to insufficient effort and encourage them to try harder and persevere when learning is difficult.
6. Students’ attention is drawn to the specific skills they have developed.
7. Students are enabled to develop internal standards for evaluating their own outcomes, rather than to rank themselves in comparison to others.
8. If a teacher—or a parent—found maths difficult when they were at school, then rather than commiserate with students, they challenge students to improve their maths—expect them to succeed, and give them the support they need to do so’  

(Cited from Bonne & Johnston (2016), based on work by Siegle and McCoach (2007) and Schunk and Hanson (1985))

A student’s attributions about their success or failure in maths, can lead onto anxiety for the subject. Mathematics anxiety is also linked students’ motivation to learn in mathematics classes.   ‘Maths anxiety’ occurs when an individual feels a debilitating emotional reaction to mathematics; feelings can range from experiencing mild tension, to a strong fear when working with numbers or solving mathematical problems.   Given the risk of development of anxiety associated with maths it is important to support students very early on in school, i.e. nursery/reception, to become comfortable with number through securely embedding the key underpinning maths skills and ensuring interventions/strategies are in place to help develop students positive sense of self-efficacy (as per suggestions above).   This will help with the motivation towards being willing to solve problems with number and data, have successful experiences with maths, and consequently higher maths self-efficacy. 


Importance of the learning context
A multi -sensory approach including concrete apparatus and pictorial examples should be included in Maths teaching programmes.  It is important to develop numerical understanding through discussion and exploration of numbers and their relationships.  The visual image of number is an essential stage in this process which leads to understanding number as an abstract concept. 


Teacher interactions with students
Acquiring numerical language is an integral part of concept formation and is achieved through interactive conversation between teachers and children.  For example, asking a range of questions which develop a young person’s understanding and questions that can help to extend their thinking.  Examples include, ‘How are you going to tackle this? What information do you have? What do you need to find out? What operation/s are you going to use?  What equipment will you need? How are you going to record what you are doing?’  


Planning for teaching Maths
A hierarchical order or “Levels of Maths” has been shown to be effective for teaching mathematics to support children to develop competence and maths mastery:  intuitive; concrete/experiential; pictorial/representational; abstract; applications, and communication.  See link for more information  https://www.westberkseducation.co.uk/Pages/Download/02153800-57ac-4aeb-a058-9de73bb1b7dc/PageSectionDocuments

Each of the hierarchical ‘levels of maths’ need to be considered when planning and teaching maths so that students’ can develop their understanding of the key areas of  language, concept and procedure relevant to each area of maths being taught.  Of the three, the most difficult skills to master and to teach is ‘concept’; ‘language’ skills and ‘procedures’ are simpler to teach (Sharma, 2003).   
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Planning teaching by using the hierarchy 
The following is recommended in order to best support Maths development:
· Introduce concepts at the intuitive level, and lead students through all the levels to the communication level
· Make sure the students understand the linguistic, conceptual, and procedural components of the concept.
· Over-teach the concept, i.e. repeatedly use it in one form or another 

Adapted from Sharma (2005) Handout entitled, “Learning Problems in Mathematics: Diagnostic and Remedial Perspectives.” Massachusetts Adult Basic Education Curriculum Framework
[bookmark: _Summary_of_Component_2]

[bookmark: _Summary_of_Component_3][bookmark: _Toc48143137][bookmark: _Hlk155100160]Summary of Component Skills of Maths
Domain skills for Maths
· Concept
· Magnitude
· Meaning/Counting
· Referents
· ‘More’ or ‘less’ comparisons
· Relationships

· Procedure.  
-     Use of knowledge of mathematical operations

· Language.  
· Read & write numbers
· Sign & symbol recognition
· Language in context of maths











Cognitive processes for Maths

· Executive functions
· Visuospatial processing of space, shape and measure
· Memory
· Reasoning skills
· Problem solving skills



Motivation for Maths, arises from: 

· Being comfortable with number and willing to solve problems with number and data
· Self-efficacy and self-confidence in relation to maths 
· Sucessful and positive experiences of maths learning






Domain knowledge/skills


Motivation


Cognitive Processes
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Introduction


Children follow natural developmental progressions in learning and development. As a simple example, children 


first learn to crawl, which is followed by walking, running, skipping, and jumping with increased speed and 


dexterity. Similarly, they follow natural developmental progressions in learning math; they learn mathematical 


ideas and skills in their own way. When educators understand these developmental progressions, and 


sequence activities based on them, they can build mathematically enriched learning environments that are 


developmentally appropriate and effective. These developmental paths are a main component of a learning 


trajectory.


Key Research Questions 


Learning trajectories help us answer several questions.


Recent Research Results 


Recently, researchers have come to a basic agreement on the nature of learning trajectories.
1
 Learning 


trajectories have three parts: a) a mathematical goal; b) a developmental path along which children develop to 


reach that goal; and c) a set of instructional activities, or tasks, matched to each of the levels of thinking in that 


1. What objectives should we establish?


2. Where do we start?


3. How do we know where to go next?


4. How do we get there?
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path that help children develop higher levels of thinking. Let's examine each of these three parts.


Goals: The Big Ideas of Mathematics 


The first part of a learning trajectory is a mathematical goal. Our goals are the big ideas of mathematics


—clusters of concepts and skills that are mathematically central and coherent, consistent with children’s 


thinking, and generative of future learning. These big ideas come from several large projects, including those 


from the National Council of Teachers of Mathematics and the National Math Panel.
2,3,4


 For example, one big 


idea is that counting can be used to find out how many are in a collection. Another would be, geometric shapes 


can be described, analyzed, transformed and composed and decomposed into other shapes . It is important to 


realize that there are several such big ideas and learning trajectories, depending on how you classify them, 


there are about 12.


Development Progressions: The Paths of Learning


The second part of a learning trajectory consists of levels of thinking; each more sophisticated than the last, 


which lead to achieving the mathematical goal. That is, the developmental progression describes a typical path 


children follow in developing understanding and skill about that mathematical topic. Development of 


mathematics abilities begins when life begins. Young children have certain mathematical-like competencies in 


number, spatial sense, and patterns from birth.
5,6


However, young children's ideas and their interpretations of situations are uniquely different from those of 


adults. For this reason, good early childhood teachers are careful not to assume that children “see” situations, 


problems, or solutions as adults do. Instead, good teachers interpret what the child is doing and thinking; they 


attempt to see the situation from the child’s point of view. Similarly, when these teachers interact with the child, 


they also consider the instructional tasks and their own actions from the child’s point of view. This makes early 


childhood teaching both demanding and rewarding.


The learning trajectories we created as part of the Building Blocks
a
 and TRIAD


b
 projects provide simple labels 


for each level of thinking in every learning trajectory. Figure 1 illustrates a part of the learning trajectory for 


counting. The Developmental Progression column provides both a label and description for each level, along 


with an example of children's thinking and behavior. It is important to note that the ages in the first column are 


approximate. Without experience, some children can be years behind this average age. With high-quality 


education, children can far exceed these averages. As an illustration, 4-year-olds in our Building Blocks 


curriculum meet or surpass the “5-year-old” level in most learning trajectories, including counting. (For complete 


learning trajectories for all topics in mathematics, see Clements & Sarama; 
7
 Sarama & Clements.


6
 These works 


also review the extensive research work on which all the learning trajectories are based.).


Instructional Tasks: The Paths of Teaching


The third part of a learning trajectory consists of set of instructional tasks, matched to each of the levels of 


thinking in the developmental progression. These tasks are designed to help children learn the ideas and skills 


needed to achieve that level of thinking. That is, as teachers, we can use these tasks to promote children's 


growth from one level to the next. The third column in Figure 1 provides example tasks.  (Again, the complete 
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learning trajectory in Clements & Sarama,
6,7


 includes not only all the developmental levels, but several 


instructional tasks for each level.)


Table 1. Samples from the Learning Trajectory for Counting (all examples from Clements & Sarama,
8
 Clements 


& Sarama,
7 
Sarama & Clements


6
).


Age Developmental Progression Instructional Tasks


1 year Pre-Counter Verbal No verbal counting.


Chanter Verbal Chants “sing-song” or 


sometimes-indistinguishable number words.


Associate number words with quantities and as 


components of the counting sequence.


Repeated experience with the counting sequence 


in varied contexts.


2 Reciter Verbal Verbally counts with separate 


words, not necessarily in the correct order.


Provide repeated, frequent experience with the 


counting sequence in varied contexts.


Count and Race  Children verbally count along 


with the computer (up to 50) by adding cars to a 


racetrack one at a time.


3 Reciter (10) Verbal Verbally counts to ten, with 


some correspondence with objects.


Count and Move Have all children count from 1-10 


or an appropriate number, making motions with 


each count. For example, say, “one” [touch head], 


“two” [touch shoulders], “three” [touch head], and 


so forth.


  Corresponder Keeps one-to-one 


correspondence between counting words and 


objects (one word for each object), at least for 


small groups of objects laid in a line.


Kitchen Counter At the computer, children click on 


objects one at a time while the numbers from one 


to ten are counted aloud. For example, they click 


on pieces of food and a bite is taken out of each as 


it is counted.


4 Counter (Small Numbers) Accurately counts 


objects in a line to 5 and answers the “how 


many” question with the last number counted.


Cubes in the Box Have the child count a small set 


of cubes. Put them in the box and close the lid. 


Then ask the child how many cubes you are 


hiding. If the child is ready, have him/her write the 


numeral. Dump them out and count together to 


check.


Pizza Pizzazz 2  Children count items up to 5, 


putting toppings on a pizza to match a target 


amount.
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Age Developmental Progression Instructional Tasks


  Producer —Counter To (Small Numbers)
Counts out objects to 5. Recognizes that 


counting is relevant to situations in which a 


certain number must be placed.


Count Motions While waiting during transitions, 


have children count how many times you jump or 


clap, or some other motion. Then have them do 


those motions the same number of times. Initially, 


count the actions with children.


Pizza Pizzazz 3 Children add toppings to a pretend 


pizza (up to 5), to match target numerals.


5 Counter and Producer (10+) Counts and 


counts out objects accurately to 10, then 


beyond (to about 30). Has explicit 


understanding of cardinality (how numbers tell 


how many).


Keeps track of objects that have and have not 


been counted, even in different arrangements.


Counting Towers (Beyond 10) To allow children to 


count to 20 and beyond, have them make towers 


with other objects such as coins. Children build a 


tower as high as they can, placing more coins, but 


not straightening coins already in the tower. The 


goal is to estimate and then count to find out how 


many coins are in your tallest tower.


Dino Shop 2 Children add dinosaurs to a box to 


match target numerals.


In summary, learning trajectories describe the goals of learning, the thinking and learning processes of children 


at various levels, and the learning activities in which they might engage. People often have several questions 


about learning trajectories.


Future Directions


Although learning trajectories have proven to be effective for early mathematics curricula and professional 


development,
9,10


 there have been too few studies that have compared various ways of implementing them. 


Thus, their exact role remains to be studied. Also, in the early years, several learning trajectories are based on 


considerable research, such as those for counting and arithmetic. However, others, such as patterning and 


measurement, have a smaller research base. Further, there are few guidelines for many more sophisticated 


math topics for teaching older students. These remain challenges to the field.


Conclusions


Learning trajectories hold promise for improving professional development and teaching in the area of early 


mathematics. For example, the few teachers that actually led in-depth discussions in reform mathematics 


classrooms saw themselves not as moving through a curriculum, but as helping students move through levels 


of understanding.
11


 Further, researchers suggest that professional development focused on learning trajectories 


increases not only teachers’ professional knowledge but also their students’ motivation and achievement.
12,13,14


Thus, learning trajectories can facilitate developmentally appropriate teaching and learning for all children.
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